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Abstract

In this paper, the magnetoelastic coupling effect in an infinite soft ferromagnetic material with a crack is analyzed.

The nonlinear effect of magnetic field upon stress and the effect of the deformed crack configuration are taken into

consideration. The coupling field is determined in the deformed configuration by regarding the deformed crack as an

elliptical cylinder with its geometric coefficients, which are determined from a set of algebraic equations deduced from

the displacements. The magnetic and stress fields near the crack tip are discussed for the case where both of the

magnetic loading and the mechanical tension are present. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In recent years, there is a growing interest among researchers (Shindo, 1977, 1980; Moon, 1984; Yeh,
1989; Sabir and Maugin, 1996; Shindo et al., 1997, 2000; Bagdasarian and Hasanian, 2000; Clatterbuck
et al., 2000) in solving fracture problems of magnetoelasticity, which has important applications in non-
destructive testing and the design of smart materials. Shindo (1977, 1980) has established closed form
solutions for linear problems of cracks in soft ferromagnetic materials. Yeh (1989) analyzed the magnetic
field generated by mechanical singularity in a half plane. Sabir and Maugin (1996) performed analytical
work of the conservation integral in ferromagnetic materials. The linear magneto-elasticity solution of wave
scattering at a through crack in conducting plates subjected to a uniform magnetic field was obtained by
Shindo et al. (1997, 2000). Bagdasarian and Hasanian (2000) has performed the analysis of the soft fer-
romagnetic elastic half plane with a crack. Clatterbuck et al. (2000) carried out experiments to determine
the fracture toughness of Incoloy 908. In the analysis of magnetoelastic problems, the linearized models
proposed by Pao and Yeh (1973) and Eringen (1989) were widely used. That is, the magnetic field was
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regarded as a linear sum of the quantity in the rigid body and a perturbation quantity due to deformation
based on such an assumption that the perturbation part is comparatively very small. However, since the
concentration of magnetic field near a crack is significant, at most cases, to keep the presupposition of the
linearized model may be inappropriate and the nonlinear relation between the stress and the magnetic field
needs to be considered.
For coupling field problems, Shindo (1977) has observed that the difference between the deformed and

undeformed crack surface boundary conditions could not be directly neglected. This is because the small
difference multiplied by a large relative permeability may no longer be very small. With the rapid ad-
vancement of research on piezoelectric materials with defects, the effect of the difference between the de-
formed and undeformed cracks on fracture of the coupling field was investigated. Sosa and Khutoryansky
(1996) obtained the exact electric boundary conditions by considering a hole. McMeeking (1999, 2001)
investigated the electric field by taking the deformed crack surface into consideration. In the work of Zhang
(1998) and Zhang et al. (1998) the electric field influenced by deformed crack face was considered.
In this paper, a general solution of a magnetoelastic plane, for which the nonlinear effect of the magnetic

field on stresses is considered, is obtained in terms of complex functions. The deformed crack surface is
identified by means of the displacements. The coupling field is analytically determined. The shape of the
deformed crack surface and the field near the crack tip will be discussed.

2. Basic equations of static magnetoelasticity

The general theory on the behavior of deformable ferromagnetic materials in magnetic field was es-
tablished based on electrodynamics and mechanics of continuum (Brown, 1966; Eringen, 1980; Maugin,
1988). For the analysis of soft ferromagnetic materials with multi-domain structures, the commonly made
assumptions are that the magnetic hysteresis and magnetostrictive effect are negligible and the magneti-
zation relation is linear before saturation (Wohlfarth, 1980). The fundamental equations for solving quasi-
static magnetoelastic problems consist of Biot–Savart Law, Ampere Law and Cauchy’s equations for the
equilibrium of linear and angular momenta in the Euler coordinates. Based on Brown’ model of magnetic
force, the field equations are given as follows (Pao and Yeh, 1973; Moon, 1984; Yerma and Singh, 1984):

bi;i ¼ 0; eijkhj;k ¼ 0
tij;i þ l0mkhj;k ¼ 0; eijktjk þ l0eijkmjhk ¼ 0

ð1Þ

where bi, mi and hi are the magnetic induction, magnetization and magnetic field vectors; l0ð¼ 4p � 10�7 N/
A2Þ is the permeability of vacuum; eijk is a permutation tensor and comma in Eq. (1) denotes partial de-
rivative with respect to the spatial variables; and tij is the magnetoelastic stress tensor, which expresses the
tractions on the surface of an infinitesimal element caused by both the elastic effect and magnetic field.
On the boundary surface of the magnetic body, the equation of equilibrium of motion requires the

continuity conditions of stress and magnetic field to be satisfied. The continuity conditions in the equi-
librium state can be expressed (Moon, 1984) as follows:

ni½½tij þ tMij �� ¼ 0; ni½½bi�� ¼ 0; eijknj½½hk�� ¼ 0 ð2Þ

where ni is the unit normal vector of the surface in the equilibrium state; [[	]] denotes the jump of the
quantity through the material interval; and tMij is Maxwell stress tensor, i.e., t

M
ij ¼ bihj � 1

2
l0hkhkdij. In

general, the motion between a reference configuration, KR, which is free of loads, and the current config-
uration, Kt, at time, t, is presented by means of the following mapping of Euclidean space:

xi ¼ xiðXK ; tÞ; i ¼ 1; 2; 3; K ¼ 1; 2; 3 ð3Þ
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where xi are the Eulerian coordinates and XK are material coordinates. The displacement field can be ex-
pressed as

ui ¼ xi � diKXK þ dk or UK ¼ dKixi � XK þ DK ð4Þ

where ui and UK are the displacements in the current and reference configurations, respectively; dKi are the
shift tensors of the coordinate systems; dk and Dk represent the displacement between the origin points of
the two coordinates.
By assuming small deformation, i.e., jxi;K j � 1, the geometric relations can be reduced. The difference of

stresses in different configurations can be indifferent just like in the case of elasticity. The boundary in the
deformed equilibrium state is different from that in the undeformed configuration. In dealing with a
noncoupling elastic problem, the difference can be neglected based on the assumption of small deformation.
However, in the case of the magnetoelastic problem, the small difference of vectors multiplied by a large
number of susceptibility may be not very small (Shindo, 1977). Therefore, the difference between the
boundary in the deformed configuration and that in the undeformed configuration should not be simply
neglected even if the deformation is small.
The constitutive equations for isotropic soft ferromagnetic materials can be expressed as (Pao and Yeh,

1973)

tij ¼ rij þ l0mjhi; rij ¼ kuk;kdij þ Gðui;j þ uj;iÞ; mi ¼ vhi ð5Þ

where k and G are Lame constants and v is the magnetic susceptibility of the material; dij are Kronecker
symbols.

3. The general solution for plane magnetoelastic problems

Consider a soft ferromagnetic material subjected to a static magnetic field and a mechanical load, which
are applied in-plane. The problem can be regarded as a plane problem. From Eqs. (1), (2) and (5), the third
expression of Eq. (1) can be rewritten as

orxx
ox

þ orxy
oy

� ð�l0vÞ
oh2x
ox

 
þ
oh2y
ox

!
¼ 0

oryx
ox

þ oryy
oy

� ð�l0vÞ
oh2x
oy

 
þ
oh2y
oy

!
¼ 0

ð6Þ

Thus, the solution of the field Eq. (1) can be expressed in terms of the magnetic scalar potential, nðx; yÞ, and
stress function, Uðx; yÞ, as follows:

rij ¼ U;ij �rU � l0vdijðhkhkÞ
hi ¼ n;i

ð7Þ

and

r2n ¼ 0 ð8Þ

To insure the existence of single-valued displacements, the equation of compatibility is required. Making
use of Eqs. (7) and (8), the equation of compatibility can be expressed as

r2r2U ¼ �r2
�
� l0vð1� mÞn;kn;k

�
ð9Þ

where m is the Poisson’s ratio of the plane problem.
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Thus, Eqs. (8) and (9) are the governing equations of the plane magnetoelastic problem. The solution of
the governing equations can be expressed in terms of analytic functions. By following a procedure similar to
that described by Knops (1963), the stress, magnetic and displacement fields can be expressed as

rxx þ ryy ¼ 2 u0ðzÞ
�

þ �uu0ð�zzÞ
�
þ l1x

0ðzÞ �xx0ð�zzÞ

ryy � rxx þ 2irxy ¼ 2 �zzu00ðzÞ
�

þ w0ðzÞ
�
� l2x

00ðzÞ �xxð�zzÞ

hx � ihy ¼ x0ðzÞ
2Gðux þ iuyÞ ¼ juðzÞ � z�uu0ð�zzÞ � �wwð�zzÞ � 1

2
l2xðzÞ �xx0ð�zzÞ

ð10Þ

where z ¼ xþ iy and uðzÞ, wðzÞ, xðzÞ are complex potentials. In the case of plane stress, j ¼ ð3� mÞ=ð1þ mÞ,
and for the case of plane strain, j ¼ ð3� 4mÞ. The constant

l1 ¼ �l0vð1þ mÞ; l2 ¼ �l0vð1� mÞ ð11Þ

Making use of Eqs. (2) and (10), the continuity conditions of the stress and magnetic fields on the boundary
surface of the ferromagnetic material can be expressed as

RexðzÞ ¼ Rex�ðzÞ
ðv þ 1ÞRe½ðn1 þ in2Þx0ðzÞ� ¼ ðv� þ 1ÞRe½ðn1 þ in2Þx0

�ðzÞ�
nitbij ¼ X j

ð12Þ

where n ¼ ðn1; n2Þ is the unit normal vector of the deformed surface; the subscript minus, ‘‘�’’, denotes the
magnetic quantities outside the surface; and X i is the mechanical traction on the surface. The tensor tbij is
given by

tbxx þ tbyy ¼ 2 u0ðzÞ
�

þ �uu0ð�zzÞ
�
þ ð1� mÞl0vx0ðzÞ �xx0ð�zzÞ � 2l0v�x0

�ðzÞ �xx0
�ð�zzÞ

tbyy � tbxx þ 2itbxy ¼ 2 �zzu00ðzÞ
�

þ w0ðzÞ
�
þ ð1� mÞl0vx00ðzÞ �xxð�zzÞ � l0ð2v þ 1Þx0ðzÞ2

� ð1� m�Þl0v�x00
�ðzÞ �xx�ð�zzÞ þ l0ð2v� þ 1Þx0

�ðzÞ
2

ð13Þ

which are determined in terms of the stress inside the body and the magnetic field both inside and outside
the body.

4. The crack problem

Fig. 1 shows a crack of length 2a in an infinite soft ferromagnetic elastic plate, subjected to an in-plane
magnetic field b0 and a mechanical tension p, which causes the crack to open after deformation. Let X 0Y 0 be
the material coordinate system and the X 0-axis is along the undeformed crack line. hb and hp indicate the
direction of b0 and p, respectively. In the original configuration, two overlapped line segments represent the
crack surface, which becomes a closed curved surface after deformation. In an elastic problem, the de-
formed crack surface is an elliptical cylinder. The opening of the deformed crack is very small. Moreover,
the linear magnetoelastic analysis of crack problems shows that the displacement induced by magnetic
loading is less than that by mechanical loading. Thus, the deformed crack surface of magnetoelasticity can
be considered as is an elliptical cylinder. Assume that c denotes the projection of the deformed crack face on
the X 0Y 0 plane. Due to the fact that the problem is centrosymmetric, three undetermined geometric coef-
ficients are needed to depict the curve c. These coefficients are the semi-axes of the ellipse, a and b, and the
angle from the undeformed crack line to the major principle axis, #. For small deformation, b=a is very

4000 W. Liang et al. / International Journal of Solids and Structures 39 (2002) 3997–4011



small. Note that xy is the space coordinate system, and the x-axis is in the same direction as the principle
axis of the deformed crack surface. In general, the pole of the ellipse may not be the same as the material
point of the crack tip in the undeformed configuration. The position of the crack tip in the deformed
configuration is indicated as za. The complex valuable z ¼ xþ iy is defined in the xy coordinate system. To
obtain the complex functions, uðzÞ, wðzÞ and xðzÞ in Eq. (10), the conditions of the homogeneous field far
from the crack and the boundary conditions on the crack surface are needed.
The homogeneous magnetic and stress fields are given by

r1
X 0X 0 þ r1

Y 0Y 0 ¼ p

r1
Y 0Y 0 � r1

X 0X 0 þ 2ir1
X 0Y 0 ¼ �p expð�2ihpÞ

h1X 0 þ ih1Y 0 ¼ b0 expðiðhb þ 1
2
pÞÞ=ðl0ð1þ vÞÞ

ð14Þ

where r1
ij and h

1
i denote the remote stress and magnetic field. b0 and p represent the applied magnetic field

and the mechanical tension, respectively; and the corresponding directions are hp and hb.
Since the deformed crack is open, the medium inside the crack is assumed to have magnetic susceptibility

v�. The crack surface is free of mechanical traction. From Eqs. (12) and (13), the boundary conditions on
the deformed crack surface can be expressed as

Re½ðn2 � in1Þx0ðzÞ� ¼ Re½ðn2 � in1Þx0
�ðzÞ�

ðv þ 1ÞRe½ðn1 þ in2Þx0ðzÞ� ¼ ðv� þ 1ÞRe½ðn1 þ in2Þx0
�ðzÞ�; z 2 c

uðzÞ þ z�uu0ð�zzÞ þ �wwð�zzÞ þ l2xðzÞ �xx0ð�zzÞ � l3�ssð�zzÞ þ l4x�ðzÞ �xx0
�ð�zzÞ þ l5�ss�ð�zzÞ

h iP1
P2
¼ 0

ð15Þ

where P1 and P2 are two points on c. sðzÞ is a function defined by

sðzÞ ¼
Z

x0ðzÞ2 dz; s�ðzÞ ¼
Z

x0
�ðzÞ

2
dz ð16Þ

The constants are

l3 ¼ l0ðv þ 1
2
Þ; l4 ¼ l0v�ð1� m�Þ; l5 ¼ l0ðv� þ 1

2
Þ ð17Þ

Fig. 1. Schematic of the problem: an infinite soft ferromagnetic medium with a crack subject to in-plane tension and magnetic field.
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5. Solution of the coupling field

Since the region is multiply connected, the multi-valuedness of the complex functions needs to be
considered. From the third expression of Eq. (10), the first and second continuity conditions of Eq. (15) and
the single valuedness of magnetic intensity, the functions xðzÞ and x�ðzÞ can be determined to be the single
valued. They can be expressed in Lauren series as follows:

xðzÞ ¼ C1zþ
X1
k¼1
C�kz�k; x�ðzÞ ¼

X1
k¼1
Fkzk ð18Þ

From the first, second and fourth expressions of Eq. (10) and the last expression of Eq. (15), one can deduce
that the single valuedness of stresses and displacements requires that the multi-valuedness of uðzÞ and wðzÞ
be dependent on the characteristics of functions SðzÞ and S�ðzÞ. However, SðzÞ and S�ðzÞ can be determined
to be holomorphic in their analytic regions from Eqs. (16) and (18). Thus uðzÞ and wðzÞ can be represented
by

uðzÞ ¼ A1zþ
X1
k¼1
A�kz�k; wðzÞ ¼ B1zþ

X1
k¼1
B�kz�k ð19Þ

Note that the series employed in Eqs. (18) and (19) are chosen such that the physical quantities at infinity
are finite. Moreover, from Eq. (14), it can be deduced that

A1 ¼ 1
4
p;

B1 ¼ �1
2
p expð�2ihp þ 2i#Þ;

C1 ¼ b0 expðiðhb þ 1
2
p � #ÞÞ=ðl0ðv þ 1ÞÞ

ð20Þ

The following conformal transformation,

z ¼ gðfÞ ¼ Rðf þ mf�1Þ ð21Þ

can be used to solve Eq. (15). Note that m and R are also geometric parameters of c. These two parameters
are related to the undetermined coefficients a and b as follows:

m ¼ ða � bÞ
a þ b

; R ¼ 1
2
ða þ bÞ ð22Þ

where 06m6 1 and it can be determined that (1� m) is a quantity as small as a=b.
Thus, the complex potentials can be written as

uðzÞ ¼ UðfÞ ¼ RA1f þ U0ðfÞ

wðzÞ ¼ WðfÞ ¼ RB1f þ W0ðfÞ

xðzÞ ¼ W0ðfÞ ¼ RC1f þ W0ðfÞ

x�ðzÞ ¼ W�ðfÞ ¼ RF ðf þ mf�1Þ

ð23Þ

where uðzÞ ¼ UðfÞ, wðzÞ ¼ WðfÞ, xðzÞ ¼ W0ðfÞ, x�ðzÞ ¼ W�ðfÞ. W0ðzÞ, U0ðfÞ and W0ðzÞ are holomorphic
functions in the region where jfj > 1. These functions can be expressed in series as follows:

W0ðfÞ ¼ R
X1
k¼1
c�kf

�k; U0ðfÞ ¼
X1
k¼1
a�kf

�k; W0ðfÞ ¼
X1
k¼1

b��kf
�k ð24Þ
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By using Eq. (23), Eq. (15) can be re-written as follows:

W ðrÞ þ W ðr�1Þ ¼ W�ðrÞ þ W �ðr�1Þ

ðv þ 1ÞðW ðrÞ � W ðr�1ÞÞ ¼ W�ðrÞ � W �ðr�1Þ

UðrÞ þ gðrÞ
�gg0ðr�1ÞU

0ðr�1Þ þ Wðr�1Þ þ l2W ðrÞW 0ðr�1Þ
�gg0ðr�1Þ � l3Sðr�1Þ þ l4W�ðrÞW

0
�ðr�1Þ

�gg0ðr�1Þ þ l5S�ðr�1Þ ¼ 0

ð25Þ
where r ¼ eih. The functions, SðfÞ and S�ðfÞ, are obtained from the following relation deduced from Eq.
(16)

S0ðfÞ
g0ðzÞ ¼

W 0ðfÞ2

g0ðzÞ2
or Sðf0Þ ¼

Z
W 0ðfÞ2

g0ðfÞ df ð26Þ

By using Cauchy integral method, we can obtain through solving Eq. (25)

W ðfÞ ¼ RC1f þ Rc�1f�1

UðzÞ ¼ RA1f þ a�1f�1

WðfÞ ¼ R B1f
�

� ðA1 þ l3Rc
2
�1m

�1 þ l4F F þ l5F
2mÞf�1

� ðf þ mf�1ÞðA1 � R�1a�1f
�2Þ � l2ððC1C1 � c�1�cc�1Þf�1 � C1c�1f�3 þ C1�cc�1fÞ

1� mf�2

� ð1þ mÞA1f
f2 � m

þ gðf;mÞ þ CS
�

ð27Þ

where CS is an integral constant from Eq. (26), which can be determined by setting the rigid body dis-
placement to zero. The coefficients a�1, c�1 and F are related to the applied magnetic field and mechanical
tension, that is

a�1 ¼ �R A1m
�

þ B1 þ l2C1�cc�1 � l3C
2

1 þ l4F Fmþ l5F
2
�

c�1 ¼
2mþ vð1þ mÞ
2þ vð1þ mÞ ReC1 þ i

2m� vð1� mÞ
2þ vð1� mÞ ImC1

F ¼ 2ð1þ vÞ
2þ vð1þ mÞReC1 þ i

2ð1þ vÞ
2þ vð1� mÞ ImC1

ð28Þ

The function gðr;mÞ in expression of WðfÞ is given by

gðr;mÞ ¼ l3ð1þ mÞ
2v2ðmvC1 þ ð2þ vÞC1Þ2

m3=2ð2þ v � mvÞ2ð2þ v þ mvÞ2
ð1� mÞ2 arctanh rffiffiffiffi

m
p

� �
ð29Þ

Since ð1� mÞ is a very small number and jrj ¼ 1, Eq. (29) can be represented as

gðf;mÞ ¼ 4l3v
2ðvC1 þ ð2þ vÞC1Þ2

ð2þ v � vÞ2ð2þ v þ vÞ2
1ð þ E0ð1� mÞÞ ð30Þ

where E0ð1� mÞ represents a quantity far small than ð1� mÞ, which can be neglected because it is far
smaller than 1. By substituting Eqs. (27)–(30) into the fourth expression of Eq. (10), the displacements at a
point on the crack surface can be expressed as
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uxðrÞ þ iuyðrÞ ¼ Rðc1r þ c2r
�1Þ ð31Þ

where

c1 ¼
ðj þ 1ÞA1
2G

� l0ð2v þ 1Þ�cc2�1
4Gm

þ l0ðF
2
mþ 2F F Þ
4G

c2 ¼
ðj þ 1Þa�1

2G
� l0ð2v þ 1ÞC21

4G
þ l0ðF

2 þ 2F FmÞ
4G

ð32Þ

Since 2b is the maximum opening distance of the crack surface, it can be evaluated by the following
inequality

uxðrÞ
�� þ iuyðrÞ

��6 b=a <
ffiffiffi
2

p
uxðrÞ
�� þ iuyðrÞ

�� ð33Þ

By substituting Eq. (32) into Eq. (33) and using Eq. (22) and the rule aþ bj j6 aj j þ bj j, we obtain

ð1� mÞ6 6ðj þ 1Þp
G

����
����þ 9b20=ðl0vÞ

G

����
����� 1 ð34Þ

Since the tensile load, p, and the magnetic energy density of the material, gs ¼ 1
2
bsaturhsatur, are all much less

than the elastic shear modulus, G, Eq. (34) substantiates that (1� m) is a very small quantity in small
deformation. The subscript ‘‘satur’’ denotes saturation quantities.
From Eq. (4), we obtain

zðrÞ ¼ uxðrÞ þ iuyðrÞ þ ðX þ iY Þr ð35Þ

where (X þ iY )r represents the position of a material point that moves to z ¼ gðrÞ after deformation.
By means of the geometric analysis, the following relations can be obtained,

maxfX 2 þ Y 2g ¼ max
r

fðxðrÞ � uxðrÞÞ2 þ ðyðrÞ � uyðrÞÞ2g ¼ a2

minfX 2 þ Y 2g ¼ min
r

fðxðrÞ � uxðrÞÞ2 þ ðyðrÞ � uyðrÞÞ2g ¼ 0
ð36Þ

The maximum value of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2 þ Y 2

p
is corresponding to r ¼ ra, which is the image of the crack tip position

after deformation in the f-plane, i.e., za ¼ gðraÞ.
Since # is the argument of the crack tip position in the Z-plane, Z ¼ e�i#ðaþ i0Þ, and by using Eqs. (35)

and (36), three algebraic equations, which determine the geometric coefficients R, m and #, are obtained.

2R 1j � c1j � a ¼ 0
2R mj � c2j � a ¼ 0

ð37Þ

#þ argðRðra þ mr�1
a Þ � Rðc1ra þ c2r

�1
a ÞÞ ¼ 0

where

ra ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� �cc1Þðm� c2Þ
ð1� c1Þðm� �cc2Þ

s
ð38Þ

By solving Eq. (37), all the unknown coefficients, including R, m and h, can be determined. Substitution of
R, m and # into Eqs. (10) and (28) leads to get the solution of the problem.
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6. Coupling field near the crack tip

The stress and magnetic fields can be determined from Eqs. (5) and (10). These fields can be expressed as

tx0x0 þ ty0y0 ¼ 2 u0ðzÞ
�

þ �uu0ð�zzÞ
�
� ml0vx0ðzÞ �xx0ð�zzÞ

ty0y0 � tx0x0 þ 2itx0y0 ¼ e2i# 2 �zzu00ðzÞ
��

þ w0ðzÞ
�
þ ð1� mÞl0vx00ðzÞ �xxð�zzÞ � l0vx0ðzÞ2

�
hx0 � ihy0 ¼ expð�i#Þx0ðzÞ

ð39Þ

The displacement field is given by

ðUX 0 þ iUY 0 Þ ¼ 1
2
G�1ei#ðjuðzÞ � z�uu0ð�zzÞ � �wwð�zzÞ � 1

2
ð1� mÞl0vxðzÞ �xx0ð�zzÞÞ ð40Þ

From Eqs. (10) and (27), we obtain the stress field at the crack tip as follows:

tyy þ itxy ¼
A1 � e�2ihaa�1=R
1� me�2iha þ ð1� mÞl0vðC1 � c�1e�2ihaÞðC1 � �cc�1e�2ihaÞ

2ð1� me�2ihaÞð1� me2ihaÞ

� l0ð2v þ 1ÞðC1 � c�1e�2ihaÞ2

2ð1� me�2ihaÞ � l0F
2

2
ð41Þ

The magnetic field at the crack tip is given by

hx � ihy ¼ ðC1 � c1e�2ihaÞ=ð1� me�2ihaÞ ð42Þ

where ha is the argument ra. The results show that the stress and magnetic fields at the crack tip are very
large. However, they are finite in the deformed configuration. To determine the field near the crack tip,
defining that

z ¼ za þ reih ð43Þ
where r is the distance from the crack tip, and r� a. za is the deformed crack tip position; and h is the angle
from the line oza to the r-direction. From Eq. (39), the inverse function of Eq. (21) and the second and third
expressions of Eq. (37), the magnetic field can be obtained as follows:

hx00 � ihy00 ¼ C1 þ
1
2
ð1� mÞð1þ vÞðC1 � C1Þzaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2areih � ðz2a � a2Þ � ðmc1 þ c2 þ c1c2Þ
p ð44Þ

The magnetic field in the ring region where a� r� b can be expressed as

hx00 þ ihy00 ¼
kmagffiffi
r

p e�ih=2 ð45Þ

and

kmag ¼
ceffðC1 � C1Þ

ffiffiffi
a

p

2
ffiffiffi
2

p ð46Þ

where

ceff ¼ ð1� mÞð1þ vÞ ð47Þ
For materials with small relative permeability (for example, most of steels usually has a relative per-

meability of v ¼ 10), the factor ceff ¼ ð1� mÞð1þ vÞ is very small. Magnetic concentration occurs in a very
small region near the crack tip. The maximum value of distance r is as small as the coefficient, b. On the
other hand, for materials with a large v, for instance, v ¼ 2� 104, the factor ceff is not very small. The
region of magnetic concentration overlaps with the region of the local stress field.

W. Liang et al. / International Journal of Solids and Structures 39 (2002) 3997–4011 4005



The local stress field in the ring region (a� r� b) near a crack tip characterizes linear elastic fracture. It
can be seen that the difference between za and z ¼ a is a higher-order quantity that is smaller than in this
region. From Eqs. (39) and (21), the stress in the region can be expressed as

ty00 y00 þ itx00 y00 ¼

ffiffiffiffi
1
2
a

q
ðA1 � a�1=RÞffiffi

r
p eih=2 �

l0ð1þ mÞv C1 � C1
�� ��2að1� mÞ2ð1þ vÞ2

16r
eih ð48Þ

It is obvious that the stress field consists of r�1=2 and r�1 terms, which is the result obtained from the
constitutive relations given by Eq. (5). In this equation, the stress field is associated with the product of
magnetization and magnetic intensity.

7. Discussions

7.1. Deformed crack surface

In Section 3, the deformed crack surface has been assumed to be an elliptical cylinder. From the results
obtained by using Eqs. (27), (30) and (31), it can be seen that the deformed crack surface is an elliptical
cylinder when a high-order quantity that is smaller than (1� m) is neglected. The assumption made for the
deformed crack surface will be validated as follows:
From the fourth expression of Eq. (10) and Eqs. (27) and (30), the error of the displacements expressed

by Eq. (31) can be estimated as follows:

Eu ¼ uxð þ iuÞy � Rðc1r þ c2r
�1Þ ¼ c3E0 1ð � mÞ ð49Þ

where

c3 ¼
l0ð2v þ 1Þð1þ mÞ2v2C21ðmvC1 þ ð2þ vÞC1Þ2

4Gm3=2ð2þ v � mvÞ2ð2þ v þ mvÞ2
ð50Þ

This shows that the error, Eu, arising from Eq. (31) is far less than (1� m).
Moreover, the effect of the very small error on magnetic field can be also negligible. Assuming that the

projected curve of the crack surface c is more complex than an ellipse and it can be expressed by conformal
transformation

z ¼ Rðf þ k1f
�1 þ k5f

�5Þ; f ¼ r ¼ eih ð51Þ
where k1 and k5 are two real constants. It can be determined from Eq. (50) that k5 is as small as (1� m). By
using Eq. (51), the magnetic field can be determined from the first two expressions of Eqs. (15) and (18).
Thus, we obtain

W ðfÞ ¼ ðRC1f þ Rc1f�1Þ þ k5c��5f
�5 þ k25f ðfÞ þ 	 	 	 ð52Þ

where

c��5 ¼
lbðk1ð1þ k41Þðl2b � 1ÞC1 þ ðð1þ k61Þð1þ l2bÞ þ 2ð1� k61ÞlbÞC1Þ

ð1þ k1 þ ð1� k1ÞlbÞð1� k1 þ ð1þ k1ÞlbÞð1þ k51 þ ð1� k51ÞlbÞð1� k51 þ ð1þ k51ÞlbÞ
lb ¼ ð1þ v�Þ=ð1þ vÞ

ð53Þ

Eq. (52) shows that the error of the magnetic field also is a high-order term of a small quantity. Thus, the
deformed crack surface of a magnetoelastic problem can be regarded as an elliptical cylinder. It is inter-
esting to note that the projected curve of the deformed crack in the adopting linear constitutive relations
can be deduced to be an exact ellipse.
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Consider a material of Young’s modulus E ¼ 200 GPa, m ¼ 0:3, v ¼ 70 with a crack of length 2a ¼
0:1 m. The homogeneous magnetic field is gotten in terms of b0 ¼ 0:003

ffiffiffiffiffiffiffiffi
l0G

p
¼ 0:94 T, hb ¼ 0� and hp ¼ 0.

The results of a and b for different values of p are presented in Table 1. The material inside the deformed
crack is assumed to be air. The data show that the coefficient a is very close to a; and b is a very small
quantity. The value of b increases with increasing p. For p ¼ 70 MPa, b is about 25.5 lm, which is much
larger than that of 0.3 lm for p ¼ 1 MPa. Table 2 presents the values of # for different p and direction hp. It
can be seen from the table that the angle between the symmetric axes of the deformed and undeformed
crack surfaces is very small.

7.2. The magnetic field near the crack tip

The results obtained in Section 6 show that the magnetic field is concentrated near the crack tip. In the
region of b � r� a, the magnetic field is governed by 1=

ffiffi
r

p
. The factor of the magnetic field concentration,

Kmag, is plotted against the mechanical tension for different susceptibilities, as shown in Fig. 2. In this
example of the plane stress problem, h1 ¼ 80 A/m, E ¼ 200 GPa, m ¼ 0:3, v� ¼ 0 and hp ¼ hb ¼ 0. The

Table 1

The solution of a and b for the case of hb ¼ 0�, b0 ¼ 0:94 T
p 0 Pa 0.1 MPa 1 MPa 10 MPa 20 MPa 50 MPa 70 MPa 90 MPa

a=a 1.00000 1.000002 1.000004 1.00002 1.00005 1.00011 1.00018 1.00023

b=a 3e�015 4.6390e�8 3.016e�7 2.853e�5 5.689e�5 1.4198e�4 1.9872e�4 2.5547e�4

Table 2

The solution of # for different direction of mechanical tension

p 0 Pa 1 MPa 10 MPa 20 MPa 40 MPa 50 MPa 70 MPa 90 MPa

hp ¼ 90� 2e�28 �1e�21 2e�22 �6e�22 1e�21 3e�21 2e�21 5e�21
hp ¼ 80� �6.3e�11 �8.43e�8 �8.44e�7 �1.68e�6 �3.37e�6 �4.21e�6 �5.90e�6 �7.59e�6
hp ¼ 60� 5.8e�11 �2.13e�7 �2.13e�6 �4.27e�6 �8.54e�6 �1.06e�5 �1.49e�5 �1.92e�5

Fig. 2. Relations of the magnetic-field concentration coefficient (Kmag) vs. mechanical loading (f ) for the cases with different material
susceptibility v.
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results show that the magnetic concentration is influenced by both the magnetic susceptibility and me-
chanical tension.
Based on the stress field given by Eq. (44), the saturation region can be estimated by

C1

����� þ
1
2
ð1� mÞð1þ vÞðC1 � C1Þzaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2areih � ðz2a � a2Þ � ðmc1 þ c2 þ c1c2Þ
p

�����P Ms

v
ð54Þ

The estimated radius of the saturation region is given by

r6 rs ¼
ceffb1yffiffiffi

2
p

ðbsatur � b1Þ

 !2
a ð55Þ

where bsatur is the saturation magnetic flux density of the material; and b1 is the value of the magnetic
induction in the homogeneous field.
Eq. (55) implies that the size of magnetic saturation is affected by the deformation, the magnetic sus-

ceptibility and the applied magnetic field in the direction normal to the crack. Consider an example in which
the material constants are G ¼ 78 GPa, m ¼ 0:3, bsatur ¼ 1:7 T and the material is subjected to a homoge-
neous field of r1

xx ¼ 7:8 MPa, r1
xx ¼ r1

xy ¼ 0, b1x ¼ 0. For different magnetic susceptibilities of the material,
the relation between the radius of the saturation region, rs, and b1y are shown in Fig. 3. It can be seen that
the radius of the saturation region increases with increasing b1y in the range below bsatur. Moreover, the
higher the magnetic susceptibility, the larger is the size of the saturation region.

7.3. The stress field near the crack tip

From Eq. (48), stress near the crack tip is contributed by the two items. The first item proportion to
ffiffi
r

p

and the second one to r. Correspond to this, two factors kitem1 and kitem2 is used. The stress for a material of
G ¼ 78 GPa, v ¼ 500 and m ¼ 0:3 is calculated. kitem1, kitem2 and klinear which is the stress singularity factor by
using linear model are shown in Fig. 4. The homogeneous field are r1

yy ¼ 1 MPa, r1
xx ¼ r1

xy ¼ 0, b1x ¼ 0 and
b1y ¼ 0:2 T. It can be seen from the figure that kitem1 varies slowly with the applied magnetic field increased.
The factor calculated by using linear model, klinear, has a singularity value when the denominator equal to
zero (Liang et al., 2000). kitem2 reflects the magnetic pull between the crack surfaces. The item is negative

Fig. 3. The radius of magnetic saturation region, rs, under different b1y and material susceptibility v.
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which reduces is the stress concentration near the crack tip. Fig. 4 shows that the absolute value of kitem2 is
increased with the magnetic induction on the material enhancing.
In the case where the material has small relative magnetic permeability, ceff is a small quantity. The

magnetic saturation region is as small as the yield region. The concept of small scale yielding in linear
elasticity can be adopted. In this case fracture is governed principally by the local stress in region where
b � r� a. In the case where the material has large relative permeability, the stress field is complicated. The
saturation region is not very small and the stress expression has an item that is proportion to r�1.
The stress field for materials with different magnetic permeability is calculated. In this example, a ho-

mogeneous far field where r1
yy ¼ 30 MPa, r1

xx ¼ r1
xy ¼ 0, b1x ¼ 0 and b1y ¼ 1 T, is applied to the material.

The material inside the deformed crack is assumed to be air. The relation between the normalized stress,
ryy=r1

yy , and the distance from the crack tip r, is shown in Fig. 5. The solid curve represents stress for a

Fig. 4. The factor of stress singularity on the crack tip for a material of v ¼ 500.

Fig. 5. The stress, ryy , in the front of the crack vs. the distance from crack tip.

W. Liang et al. / International Journal of Solids and Structures 39 (2002) 3997–4011 4009



noncoupling problem is also presented. The curve with a rectangle is corresponding to a material of
E ¼ 200 GPa, m ¼ 0:28, v ¼ 5 and the one with a triangle is for E ¼ 70 GPa, m ¼ 0:28, v ¼ 1000. It can be
seen that the curves for v ¼ 5 and the result of noncoupling are almost identical. This shows that the effect
of magnetoelastic coupling on fracture for materials with small magnetic susceptibility is very small. Fig. 5
also shows that the stress for v ¼ 1000 is obviously difference from the result of noncoupling. The mag-
netoelastic coupling influence the stress field near the crack tips for a ferromagnetic material of large
susceptibility and small stiffness.

8. Conclusions

The magnetoelastic problem of an infinite plate with a crack is studied in this paper. The magnetic and
stress fields can influence the fracture of soft ferromagnetic materials. The magnetic field is concentrated
near the crack tip. The magnetic saturation region near the crack tip is estimated, whose size is related to
the material constants and the deformed crack surface. The effect of cracking on the concentration of
magnetic field is related to the deformed crack surface and the material constants. The magnetic effect on
fracture of materials with small susceptibility is not obvious. Clatterbuck et al. (2000) had performed an
experiment on a material of low magnetic susceptibility. The experimental results show that magnetic field
does not have obviously effect on the fracture of the material tested, which result is agree with the calcu-
lations made in this paper. However, there is insufficient ferromagnetic fracture data to examine crack
initiation and/or propagation. Further experimental work and dynamic problem of soft ferromagnetic
materials is in progress.
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